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Abstract
We consider the physical properties of elementary excitations of the Calogero-
Sutherland (CS) model with SU(K) internal symmetry. From the results on
the thermodynamics of this model, we obtain the charge, spin, and statistics
of elementary excitations. Combining this knowledge and the known results
on the dynamics in the spinless CS model, we propose the expression for
the dynamical correlation functions of the SU(K) CS model. In the asymp-
totic region, we confirm the consistency of our results with predictions from
conformal field theory.
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I. INTRODUCTION
Over the past years, progress has been made with the study of the Calogero-Sutherland
(CS) model [1,2] which describes a one-dimensional system of particles interacting with
inverse-square interactions. It has turned out that this model has a remarkably simple
structure, and can be considered as a model of ideal gas obeying fractional statistics. [3]
Furthermore, exact results are now available for some ground state dynamical correlation
functions. [4–12] Here we shall briefly recall these works.
A breakthrough was brought by Simons et al. [4] They found that the dynamical density-
density correlation functions of the CS model at couplings β = 1/2 and 2 (see the Hamilto-
nian (1)) are identical to some parametric correlators in the random systems. The latter can
be obtained in terms of the so-called supermatrix method. Using the similar method, Hal-
dane and Zirnbauer calculated the one-particle retarded dynamical Green function at β = 2.
[5] From these results together with the knowledge of noninteracting case (β = 1), Haldane
then conjectured the expression of the dynamical correlation functions at arbitrary rational
couplings. [13] His argument is based on the consideration of the selection rule for the in-
termediate states. Subsequently, this conjecture was proved by using the Jack polynomial
techniques. [6–8]
Among a number of generalizations of the original CS model, the CS model with SU(K)
internal symmetry (SU(K) CS model) [14–16] has been attaching much attention in recent
years. It is well known that the lattice variants of the CS model such as the Haldane-
Shastry model [17,18] and supersymmetric 1/r2 t-J model [19] can be obtained from the CS
model with appropriate internal symmetry in the strong coupling limit. [20–22] It is natural
to examine the dynamical properties of the SU(K) CS model. Quite recently, one of the
authors obtained (hole part of) the dynamical Green function of the SU(2) CS model for a
special coupling. [23] As is the spinless case, the resultant formula of the correlation function
is so simple that he can conjecture the expression for arbitrary integer couplings.
In this paper, we systematically study the elementary excitations of the SU(K) CS model
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from the result obtained by the thermodynamics. Then, we propose the expression for the
dynamical correlation functions of the SU(K) CS model. Our approach is close to ref. [13]
in spirit.
After finishing our calculations, we come to know that Uglov has performed rigorous
calculations for the dynamical density and spin-density correlation functions of the SU(2)
CS model (without taking the thermodynamic limit). [24] Since it is sometimes useful to
study complicated problems from several different point of view, we believe it still makes
sense to present the details of our approach and of our arguments.
The content of this paper is as follows. In section 2, we recall the thermodynamics and
dynamics of the spinless CS model. Then, following ref. [13], we give the interpretation of
the formula for the dynamical density-density correlation function in terms of the knowledge
about the elementary excitations. In section 3, we extend the argument in section 2 to the
SU(2) case. We also perform the expansion of correlation function and then check the
consistency with the predictions from conformal field theory. In section 4, we generalize to
the SU(K) case (K > 2). Finally, in section 5, we summarize and discuss our results.
II. REVIEW ON SPINLESS CALOGERO-SUTHERLAND MODEL
Before considering the model with internal symmetry, we review the explicit results on
thermodynamics [2] and dynamics [4–13] of the spinless model. In this section, first we
derive the one-particle energy, momentum, charge and exclusion statistics of elementary
excitations from the thermodynamics. Next we show that known results on the dynamics
can be interpreted in a simple manner in terms of the elementary excitations derived from
the thermodynamics (see also ref. [13]).
We consider the following Hamiltonian:
Hˆ = −
1
2
N∑
i=1
∂2
∂x2i
+
π2
L2
∑
i<j
β (β − 1)
sin2 [π (xi − xj) /L]
(1)
for N -particle system on a circle with the linear dimension L. We restrict attention to the
case that the dimensionless coupling parameter β takes non-negative integer values, although
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more general results are now obtained. [6] The statistics of particles are chosen as boson
(fermion) for even (odd) β.
Adopting the Yang and Yang’s method, [25] Sutherland constructed the thermodynamics
of spinless CS model. [2] The thermodynamic potential (per unit length) is given by
Ω = −T
∫ ∞
−∞
dv
2π
ln
(
1 + ω−1
)
, (2)
where ω = ω(v, T ) is the real solution of the following equation:
(
v2/2− ζ
)
/T = log (1 + ω)− β log
(
1 + ω−1
)
, (3)
with the chemical potential ζ . We call the integration variable v velocity, in terms of which
the CS model is described as a free particle system. For the spinless model, thermodynamics
was reformulated in terms of free particles obeying the fractional exclusion statistics. [3] In
the statistical mechanics of the fractional exclusion statistics [26,27], the velocity distribution
function of particles ρ(v), satisfying
∫ ∞
−∞
dv
2π
ρ(v) =
N
L
≡ ρ0, (4)
is given by ρ(v) = 1/(ω + β). Also, the distribution function of hole or vacant one-particle
state ρ∗(v) is given by ρ∗(v) = ω/(ω + β). Thus, ω represents the ratio of the distribution
of holes to that of particles.
Now let us rewrite the thermodynamics in terms of elementary excitations. For this
purpose, we first consider the ground state. At T = 0, the distributions of particles and
holes are given by

ρ(v) = 1/β, ρ∗(v) = 0, for |v| < vF ≡ (2ζ)
1/2 ,
ρ(v) = 0, ρ∗(v) = 1, for |v| > vF.
(5)
Combining eqs. (4) and (5), we obtain ζ = v2F/2 = (πρ0β)
2 /2. From the above solution (5),
we find that the ground state is analogous to the Fermi sea and that there are two branches
of excitations; particle-type for |v| > vF and hole-type for |v| < vF. From now on, we call the
former quasiparticles and the latter quasiholes. With the above identification, we introduce
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ωp = ω for |v| > vF and ωh = ω
−1 for |v| < vF. In terms of ωp and ωh, the equation (3) is
rewritten as
ǫp(v)/T ≡
(
v2/2− ζ
)
/T = log (1 + ωp)− gp log
(
1 + ω−1p
)
, (6)
and
ǫh(v)/T ≡
(
ζ − v2/2
)
/(βT ) = log (1 + ωh)− gh log
(
1 + ω−1h
)
, (7)
with gp = β and gh = 1/β. Equations (6) and (7) respectively have the form of the equations
of the thermodynamics for free particles with energy ǫp, ǫh and exclusion statistics gp, gh.
With the use of eqs. (6), (7), the thermodynamic potential is rewritten as
Ω = −T
∫
|v|>vF
dv
2π
ln
(
1 + ω−1p
)
−
T
β
∫
|v|<vF
dv
2π
ln
(
1 + ω−1h
)
−
v3F
3πβ
. (8)
In the above equation, the last term of the right-hand side represents the ground state
contribution. The first and second terms represent the contributions of quasiparticles and
quasiholes, respectively.
The characters of elementary excitations are indexed by the charge, statistics, and veloc-
ity. The (exclusion) statistics are already obtained. The charge can be determined by the
coefficient of the chemical potential in the one-particle energy such as ǫp and ǫh. The charge
ep of quasiparticles is unity since the coefficient of ζ in ǫp is −1. Quasiholes, on the other
hand, have the fractional charge eh = −1/β since the coefficient of ζ in ǫh is 1/β. Momenta
of quasiparticles qp and quasiholes qh are given by
qp =
∂ǫp(v)
∂v
= v, qh =
∂ǫh(v)
∂v
= −v/β. (9)
If we set β = 1, which is the free fermion case, all the above relations reduce to the trivial
one.
With the knowledge about the elementary excitations, we try to interpret the known
results of the dynamical density-density correlation functions. [4–13] The local density op-
erator excites only neutral (charge zero) excitations. Minimal process of neutral excitations
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are one quasiparticle and β quasiholes excitation, which we call “minimal bubble”. (Recall
that the coupling constant β takes values in non-negative integers.) The charge neutrality
is confirmed by the relation ep + βeh = 0. The intermediate states can be expanded by the
states corresponds to the multiple excitation of minimal bubble.
Now we show that the dynamics can be interpreted with the above knowledge of the
elementary excitations. The expression of the dynamical density-density correlation function
is given by [4–13] as
〈ρ(x, t)ρ〉 ∝
∫
|u|≥vF
du
β∏
j=1
∫
|vj |≤vF
dvj exp[i(Qx−Et)]Q
2F (u, {vi}), (10)
where
Q = u−
1
β
β∑
j=1
vj, E = ǫp(u) +
β∑
j=1
ǫh(vj), (11)
and
F (u, {vi}) =
∏β
j=1(u− vj)
−2∏β
i<j(vi − vj)
2gh
[ǫp(u)]
1−gp ∏β
j=1 [ǫh(vj)]
1−gh
. (12)
First we set aside the interpretation of the form factor Q2F (u, {vi}) and consider the
rest of expression (10). From the integral regions in (10), we are led to the interpretation
that u is the velocity of quasiparticle and vi are those of quasiholes. It means that the
local density operator ρ(x) excites only the minimal bubble in the CS model. According to
expression (11), excited quasiparticle and quasiholes are energetically free. Expression (11)
is consistent with the dispersion relation obtained from the thermodynamics.
Next we consider F (u, {vi}), which gives a nontrivial part of the form factor. In the
thermodynamics, the system is energetically free but has the nontrivial structure brought
by the statistical interactions [3] among elementary excitations. Hence we try interpreting
each factor of F (u, {vi}) in terms of statistical interactions as follows:
• The factor (vi − vj)
2gh per each pair is caused by the statistical interactions among
quasiholes. Since the exponent 2gh is fractional, we attribute the statistical interaction
to the two-body interaction in (1).
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• The factor (u− vj)
−2 comes from the statistical interactions between quasiparticle
and quasiholes. Since the exponent is independent of β, we attribute the statistical
interaction to the original Pauli exclusion.
• The factor [ǫ(u)]gp−1 comes from the statistical interaction of excited quasiparticle with
itself.
• The factor [ǫ(vi)]
gh−1 comes from each excited quasihole. These additional factors stem
from the statistical interaction of each excitation with itself.
Finally we consider the factor Q2. From the process of the microscopic calculation, we
know that the factor Q2 is due to the local density operator ρ(x) =
∑N
i=1 δ(x− xi)− ρ0.
From the above observation, we learn that the dynamics can be interpreted in terms of
the knowledge of elementary excitations derived from the thermodynamics. Especially, we
emphasize that the nontrivial form factor is determined by the statistical interactions and
one-particle energy of excitations.
For the SU(K) CS model, thermodynamics has been formulated [28] in a similar way
with the spinless case. Hence we can obtain the physical properties of elementary excitations
such as dispersion, charge, statistics, and spin (or color). In the next section we will assume
that the above observation holds even in the SU(2) CS model and construct the dynamical
correlation function in a similar fashion as the spinless case.
III. CALOGERO-SUTHERLAND MODEL WITH SU(2) INTERNAL SYMMETRY
We consider the system of particles with SU(2) spin σ ∈ {+1,−1}, whose Hamiltonian
is given by
Hˆ = −
1
2
N∑
i=1
∂2
∂x2i
+
π2
L2
∑
i<j
β (β + Pij)
sin2 [π (xi − xj) /L]
. (13)
Here β takes non-negative integer values, and Pij denotes the operator that exchanges the
spin of particles i and j. The statistics of particles are chosen as boson (fermion) for odd
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(even) β. Notice that the spinless Hamiltonian (1) can be recovered from (13) by taking
Pij ≡ 1 and β → β − 1.
A. Elementary excitations and dynamical correlation functions
For this model, the thermodynamic potential is give by [28]
Ω = −T
∫ ∞
−∞
dv
2π
∑
σ=±1
ln
(
1 + ω−1σ
)
, (14)
where ωσ is the real solution of the following equations:
ǫpσ(v)/T ≡
(
v2/2− ζ − σh
)
/T = ln (1 + ωσ)−
∑
σ′=±1
gσ,σ
′
p ln
(
1 + ω−1σ′
)
, (σ = ±1). (15)
Here h represents the external magnetic field. The matrix gp is given by [28,29]
gp =

 g
↑↑
p g
↑↓
p
g↓↑p g
↓↓
p

 =

 β + 1 β
β β + 1

 , (16)
which represents the statistics of particles. Here we used the notation ↑, ↓ instead of +1,−1.
Equations (15) and (16) determine the thermal distribution of free particles with energy ǫpσ
and exclusion statistics gp. There is a duality representation of eq. (15); multiplying it by
gh ≡

 g
↑↑
h g
↑↓
h
g↓↑h g
↓↓
h

 = g−1p = 12β + 1

 β + 1 −β
−β β + 1

 , (17)
we obtain
ǫhσ(v)/T = ln (1 + ωhσ)−
∑
σ′=±1
gσσ
′
h ln
(
1 + ω−1hσ′
)
, (18)
with ǫhσ(v) = (ζ − v
2/2)/(2β + 1) + σh and ωhσ = ω
−1
σ .
Now we consider excitations from the ground state in the unpolarized case (h = 0). At
T = 0, the distributions of particles and holes are given as


ρσ(v) = 1/(2β + 1), ρ
∗
σ(v) = 0, for |v| < vF ≡ (2ζ)
1/2 ,
ρσ(v) = 0, ρ
∗
σ(v) = 1, for |v| > vF.
(19)
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The chemical potential ζ is obtained with the relation
∫ ∞
−∞
dv
2π
∑
σ=±1
ρσ (v) =
N
L
≡ ρ0 (20)
as ζ = v2F/2 = [πρ0 (2β + 1) /2]
2 /2.
For |v| > vF, excitations are particle-like; quasiparticles with energy ǫpσ, charge ep = +1,
spin σp = −σ, and statistics gp. For |v| < vF, on the other hand, excitations are hole-like;
quasiholes with energy ǫhσ, charge eh = −1/(2β + 1), spin σh = σ, and statistics gh. Here
we note that charge of quasiholes is renormalized to be fractional while spin of those is the
same as that of quasiparticles. In table I, we summarize above datum about the elementary
excitations.
With the use of the knowledge from the thermodynamics, we postulate an empirical
rule for construction of the dynamical density-density correlation function 〈ρ(x, t)ρ〉. For
this correlation function, only the intermediate states with charge-zero and spin-zero can
contribute. These excitations are expressed by multiple set of the following minimal bubble:


one quasiparticle with σp = σ
β + 1 quasiholes with σh = −σ
β quasiholes with σh = σ.
(21)
The charge and spin neutralities are verified by
ep + (β + 1) eh + βeh = 0 (22)
and
σ + (β + 1) (−σ) + βσ = 0, (23)
respectively. From the observation of spinless case, we assume that only the minimal bubble
contributes to the dynamical density-density correlation function.
With this assumption, we write down the dynamical density-density correlation function
in the following form:
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〈ρ(x, t)ρ〉 = Cc
∫
|u|>vF
du
β+1∏
i=1
∫
|vi|<vF
dvi
β∏
j=1
∫
|wj |<vF
dwj exp[i (Qx− Et)]Q
2F (u, {vi} , {wj}),
(24)
with an unknown constant Cc, which is considered later. Here E and Q are given by
E = ǫp(u) +
β+1∑
i=1
ǫh(vi) +
β∑
j=1
ǫh(wj), (25)
Q = u−
1
2β + 1

β+1∑
i=1
vi +
β∑
j=1
wj

 . (26)
The variables u, vi and wj represent the velocities of quasiparticle with spin σ, and quasiholes
with spin −σ and σ, respectively. Now we consider the integrand F (u, {vi} , {wj}). With the
knowledge obtained in the previous section, we construct F (u, {vi} , {wj}) from the following
factors:
• Statistical interactions among quasiholes
∏β+1
i<j (vi − vj)
2g↑↑
h ,
∏β
i<j(wi − wj)
2g↓↓
h ,
∏β+1
i=1
∏β
j=1(vi − wj)
2g↑↓
h .
Here the exponents g↑↑h = g
↓↓
h = (β + 1) /(2β + 1) and g
↑↓
h = −β/(2β + 1) repre-
sent the statistical interactions between quasiholes with same spin and opposite spin,
respectively.
• Statistical interactions between quasiparticle and quasiholes
∏β+1
j=1 (u− vj)
−2δσp,−σh .
Here, δσ,σ′ represents the Kronecker’s delta.
• per quasiparticle
(ǫp)
−1+gσ,σp .
• per quasiholes
(ǫh)
−1+gσ,σ
h .
By putting all the above together, we obtain the following expression for the integrand F :
F (u, {vi} , {wj}) =
∏β+1
i<j (vi − vj)
2g↑↑
h
∏β
i<j(wi − wj)
2g↓↓
h
∏β+1
i=1
∏β
j=1(vi − wj)
2g↑↓
h∏β+1
i=1 (u− vi)
2[ ǫp(u) ]1−g
↑↑
p [
∏β+1
i=1 ǫh(vi) ]
1−g↑↑
h [
∏β
j=1 ǫh(wj) ]
1−g↓↓
h
. (27)
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The unknown factor Cc in eq. (24) is obtained by the known static charge susceptibility:
χc =
(
∂2E
∂N2
)−1
=
4
π2ρ0 (2β + 1)
2 (28)
and the Kramers-Kronig relation:
χc = lim
q→0
2
π
∫ ∞
0
dω
ω
[∫ ∞
−∞
dx
∫ ∞
−∞
dt〈ρ(x, t)ρ〉 exp [i (ωt− qx)]
]
. (29)
From the above equation, we obtain Cc =
(
4π2 (2β + 1)β+1 S(β)
)−1
with
S(β) =
β+1∏
i=1
∫ 1
0
dpi
β∏
j
∫ 1
0
dqj
β+1∏
i=1
[pi (1− pi)]
g↑↓
h
β∏
j=1
[qj (1− qj)]
g↑↓
h
β+1∏
i<j
(pi − pj)
2g↑↑
h
β∏
i<j
(qi − qj)
2g↑↑
h
β+1∏
i=1
β∏
j=1
(pi − qj)
2g↑↓
h . (30)
In this way, we arrive at the complete expression of 〈ρ(x, t)ρ〉.
B. Asymptotic behavior of correlation function
Next we consider the expression of the above dynamical correlation function in the
asymptotic region and examine the consistency with the predictions from conformal field
theory (CFT).
As we presented so far, elementary excitations are either particle-type or hole-type. In
low energy limit, on the other hand, excitations are also described in terms of collective
excitations. In this region, CFT predicts asymptotic behaviors of correlation functions. For
the SU(K) CS model, asymptotic behaviors of correlation functions have been considered
in ref. [30] with the use of CFT. In the rest of this section, we first perform the asymptotic
expansion of the expression (27) and then compare it with the CFT prediction.
For the long-distance behavior of the expression (27), main contribution comes from the
excited states where all excitations are near the Fermi points; u ∼ ±vF, vi ∼ ±vF, and
wj ∼ ±vF. The asymptotic expression is given by the sum of the contributions from the
“sectors”; each sector is specified by the distribution of excitations in the two Fermi points.
We denote by the quartet (σ,±1, m, n) with m ∈ {0, 1, 2, · · · , β + 1}, n ∈ {0, 1, 2, · · · , β}
11
the sector where quasiparticle with spin σ is near u = vF, m quasiholes with spin −σ near
vi = ∓vF , and n quasiholes with spin σ near wj = ∓vF. By similar calculations in ref. [6],
we obtain the following expression:
〈ρ (x, t) ρ〉 = A
(
1
ξ2L
+
1
ξ2R
)
+
∑
m,n
Amn
(
1
ξLξR
)g↑↑
h
(m2+n2)+2g↑↓
h
mn
cos [2(πρ0/2)(m+ n)x] , (31)
with ξL = x+ vFt, ξR = x− vFt. Here A and Amn are x- and t-independent constants. The
sum is taken over 0 ≤ m ≤ β + 1 and 0 ≤ n ≤ β except (m,n) = (0, 0).
In low energy region, on the other hand, the SU(2) CS model is categorized to be a
Tomonaga-Luttinger liquid. [31] Each Tomonaga-Luttinger liquid with spin is specified with
four velocities; the current vJc (v
J
s ) and charge v
N
c (v
N
s ) velocities for electronic (spin) sector.
These parameters take the following values in the SU(2) CS model [14]:
vJc = e
2αvF, v
N
c = e
−2αvF, v
J
s = v
N
s = vF, (32)
with “Bogoliubov angle” eα = (2β + 1)−1/2. The relation vJs = v
N
s originates from the SU(2)
symmetry. In the low energy region, the Hamiltonian decouples into the electronic and spin
sectors, and hence eigenstates are given by the tensor product of eigenstates of the two
sectors. Eigenstates of the energy and momentum in each sector are indexed by the set
of four numbers; {(Nc, Dc, n
+
c , n
−
c )} for electronic sector, {(Ns, Ds, n
+
s , n
−
s )} for spin sector,
respectively. Here Nc and Dc are integers or half-odd integers representing the electronic
charge-changing and current excitations respectively. The non-negative integer n+c (n
−
c )
represents the number of excited boson of the holomorphic (antiholomorphic) part. For
spin sector, Ns and Ds represent the magnetization-changing and spin current excitations
respectively. The non-negative integer n+s (n
−
s ) is the number of excited boson in spin sector.
For the density-density correlation function, CFT predicts the following asymptotic be-
havior: [32,33]
〈ρ(x, t)ρ〉 ∼
∑
λc,λs
Aλc,λs exp [i2kFDcx]
(x− vct)2∆
+
c (λc)(x+ vct)2∆
−
c (λc)(x− vst)2∆
+
s (λs)(x+ vst)2∆
−
s (λs)
, (33)
where the sum is taken over λc ∈ {(Nc = 0, Dc, n
±
c )} and λs ∈ {(Ns = 0, Ds, n
±
s )}. Here kF is
the Fermi wave number, and the quantity ∆+c (λc) (∆
−
c (λc)) represents the conformal weight
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of holomorphic (antiholomorphic) part in the electronic sector. The expression of conformal
weight is given by
∆±c (λc) =
(
Nce
−α ±Dce
α
)2
/4 + n±c . (34)
Also the conformal weight of spin sector is given as
∆±s (λs) = (Ns ±Ds)
2 /4 + n±s . (35)
In the expression (33), vc and vs are the velocities of the density waves in electronic and spin
sectors, respectively.
In the SU(2) CS model, these quantities turn into vc = vs = vF. [14] The Fermi wave
number kF is given by πρ0/2. We find that the expression (31) has the form of eq. (33),
considering that
g↑↑h (m
2 + n2) + 2g↑↓h mn
=
1
2
(
e−α0± (m+ n)eα
)2
+
1
2
(0± (m− n))2
= 2∆±c
(
Nc = 0, Dc = (m+ n), n
±
c = 0
)
+ 2∆±s
(
Ns = 0, Ds = (m− n), n
±
s = 0
)
.
The first term in eq. (31) comes from the secondary field (∃n±c(s) 6= 0) of the vacuum state
(Nc(s) = Dc(s) = 0). The second term originates from the primary field (
∀n±c(s) = 0). We thus
confirm the consistency of our result on the dynamical density-density correlation functions
with CFT.
IV. SU(K) CALOGERO-SUTHERLAND MODEL
So far we have considered the SU(2) CS model. It is straightforward to generalize our
results to the SU(K) model; the thermodynamics has been formulated [28] and hence we
can obtain the knowledge about the elementary excitations. The Hamiltonian of the SU(K)
model with K ≥ 3 is the same as (13). In this case, however, we consider particles with
SU(K) color σ ∈ {1, 2, · · · , K}. Therefore the operator Pij should be regarded as the SU(K)
color exchange operator.
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Following ref. [28], thermodynamics of the SU(K) model is given by
Ω = −T
∫ ∞
−∞
dv
2π
K∑
σ=1
ln
(
1 + ω−1σ
)
, (36)
where ωσ is the real solution of the following equations:
ǫpσ/T ≡
(
v2/2− ζσ
)
/T = ln (1 + ωσ)−
K∑
σ′=1
gσ,σ
′
p ln
(
1 + ω−1σ′
)
, (σ = 1, 2, · · · , K). (37)
Here ζσ represents the chemical potential of each species. The expression of the K × K
valued matrix gp = (g
σσ′
p ), which represents the exclusion statistics of particles, is given by
gσσ
′
p = δσ,σ′ + β. (38)
The expression is also described as
ǫhσ/T ≡
(
−v2/(2(Kβ + 1))− ζhσ
)
/T = ln
(
1 + ω−1σ
)
−
K∑
σ′=1
gσ,σ
′
h ln (1 + ωσ′) , (σ = 1, 2, · · · , K),
(39)
with ζhσ = −ζσ + (β/(Kβ + 1))
∑K
σ′=1 ζσ′ and g
σσ′
h = δσ,σ′ − β/(Kβ + 1).
At T = 0 and ζσ = ζ (i.e., each species takes the same chemical potential), the velocity
distribution functions are given by


ρσ(v) = 1/(Kβ + 1), ρ
∗
σ(v) = 0, for |v| < vF ≡ (2ζ)
1/2 ,
ρσ(v) = 0, ρ
∗
σ(v) = 1, for |v| > vF.
(40)
The chemical potential ζ is obtained with the relation
∫ ∞
−∞
dv
2π
K∑
σ=1
ρσ (v) =
N
L
≡ ρ0 (41)
as ζ = v2F/2 = [πρ0 (Kβ + 1) /K]
2 /2.
For |v| > vF, excitations are particle-like; quasiparticles with energy ǫpσ, charge +1, color
σ, and statistics gp. For |v| < vF, on the other hand, excitations are hole-like; quasiholes
with energy ǫhσ, charge −1/(Kβ + 1), color σ, and statistics gh. We list up datum of
elementary excitations in table II.
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Now we consider the dynamical density-density correlation function: 〈ρ(x, t)ρ〉. First we
obtain the “minimal bubble”, which is the set of charge and SU(K) color neutral excited
states containing the minimal number of excitations. The minimal bubble in this model is
given by the simultaneous excitations of

one quasiparticle with color σ
β + 1 quasiholes with color σ
K − 1 sets of β quasiholes with colors σ′ ∈ {1, 2, · · · , K} \ {σ}.
(42)
The neutrality with respect to both charge and SU(K) colors is verified by ζσ+(β + 1) ζhσ+∑
σ′(6=σ) βζhσ′ = 0. Notice that the assignment of colors for the quasiholes is not the same as
SU(2) case. Following the method in the previous section with table II and (42), we arrive
at the following expression for 〈ρ(x, t)ρ〉:
〈ρ(x, t)ρ〉 = C
∫
|u|≥vF
du
β+1∏
i=1
∫
|vi|≤vF
dvi
K−1∏
α
β∏
j=1
∫
|wj |≤vF
dwαj exp[i(Qx−Et)]Q
2
×
∏β+1
i<j (vi − vj)
2gd
∏K−1
α
∏β
i<j(w
α
i − w
α
j )
2gd
[ ǫp(u) ]1−gp[
∏β+1
i=1 ǫh(vi)
∏K−1
α
∏β
j=1 ǫh(w
α
j ) ]
1−gd
×
∏K−1
α
∏β+1
i=1
∏β
j=1(vi − w
α
j )
2go
∏K−1
α<α′
∏β
i,j=1(w
α
i − w
α′
j )
2go∏β+1
i=1 (u− vi)
2
, (43)
where
gp = g
σ,σ
p = β + 1, gd = g
σ,σ
h =
(K − 1)β + 1
Kβ + 1
, go = g
σ,σ′(6=σ)
h =
−β
Kβ + 1
.
The subscripts of “d” and “o” represent the diagonal and off-diagonal part, respectively.
Energies and momenta are given by
E = ǫp(u) +
β+1∑
i=1
ǫh(vi) +
K−1∑
α
β∑
j=1
ǫh(w
α
j ), (44)
Q = u−
1
Kβ + 1

β+1∑
i=1
vi +
K−1∑
α
β∑
j=1
wαj

 . (45)
The factor C is obtained by the charge susceptibility
χ =
K2
π2ρ0 (Kβ + 1)
2 (46)
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and the Kramers-Kronig relation in the same way as the SU(2) case; the expression for C
is given as
C =
K
8π2 (Kβ + 1)β+1 S(β;K)
. (47)
Here S(β;K) is given by an integral analogous to the Selberg integral:
S(β;K) =
β+1∏
i=1
∫ 1
0
dpi
K−1∏
α
β∏
j=1
∫ 1
0
dqαj
β+1∏
i=1
[pi(1− pi)]
go
K−1∏
α
β∏
j=1
[
qαj (1− q
α
j )
]go
×
β+1∏
i<j
(pi − pj)
2gd
K−1∏
α
β∏
i<j
(qαi − q
α
j )
2gd
K−1∏
α
β+1∏
i=1
β∏
j=1
(pi − q
α
j )
2go
K−1∏
α<α′
β∏
i,j=1
(qαi − q
α′
j )
2go .
(48)
Similarly with the SU(2) model, we can confirm the consistency of the expression (43)
with CFT. In the asymptotic region, the expression (43) turns into
〈ρ(x, t)ρ〉 ∼ A
(
1
ξ2R
+
1
ξ2L
)
+
∑ Am,{mα} cos [2kFx (m+∑K−1α mα)]
(ξRξL)
2∆[m,{mα}]
, (49)
with kF = πρ0/K and
∆ [m, {mα}] =
1
2
(
m2 +
K−1∑
α
m2α
)
+
1
2
(
m+
K−1∑
α
mα
)2
go. (50)
Here A and Am,{mα} are constants, and we put ξR = x− vFt and ξL = x+ vFt. The integers
m and mα represent the number of quasiholes with each color near a specified Fermi point:
when the quasiparticle is near u = vF, m quasiholes are near vi = −vF with color σ and
mα quasiholes with color α are near w
α
j = −vF; when the quasiparticle is near u = −vF, on
the other hand, m quasiholes with color σ distribute near vi = vF and mα quasiholes with
color α distribute near wαj = vF. The integers m and mα run over {0, 1, 2, · · · , β + 1} and
{0, 1, 2, · · · , β}, respectively.
For the SU(K) CS model, we can obtain the conformal weight of CFT from ref. [30] as
∆± [n, j] =
1
8
ntgpn+
1
2
jtghj+ n
±. (51)
Here ∆+ (∆−) represents the conformal weight of holomorphic (antiholomorphic ) part.
The K component vectors n and j specify the primary field; the σ-th component nσ in n
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represents the change of number of particles with color σ. The component jσ in j represents
the current 2kFjσ excitation carried by particles with color σ. The non-negative integers n
±
represent the secondary field contributions.
In the density-density correlation function, only the excited states with n = 0 is relevant.
If we identify j as ({mα} , m), we can see that the expression (50) is consistent with CFT;
The first term in the right-hand side of (50) comes from the secondary fields (n+, n−) = (1, 0)
or (0, 1) of the vacuum state j = 0. The rest of the contribution comes from the primary
fields with j 6= 0.
V. CONCLUSION AND DISCUSSION
We have proposed an elementary method of constructing the dynamical correlation func-
tions of the SU(K) CS model. On the other hand, hole part of the one-particle Green func-
tion of the SU(2) CS model has been obtained in ref. [23] from the finite-size calculation.
The resultant expression can be derived by the approach in the present paper. All results
can be summarized in simple formulae for the density-density correlation function 〈ρ(x, t)ρ〉
and hole propagator G(x, t);
〈ρ(x, t)ρ〉 = I(1)[ Q ], (52)
G(x, t) = I(0)[ 1 ], (53)
where
I(m)[ ∗ ] =
m∏
i=1
∫
|ui|≥vF
dui
β+1∏
j=1
∫
|vj |≤vF
dvj
K−1∏
α
β∏
k=1
∫
|wk|≤vF
dwαk exp[i(Qx− Et)]
×[ ∗ ]2F (m| {ui} , {vj} , {wk}), (54)
with
F (m| {ui} , {vj} , {wk}) = C(m)
∏β+1
i<j (vi − vj)
2gd
∏K−1
α
∏β
i<j(w
α
i − w
α
j )
2gd
[
∏m
i=1 ǫp(ui) ]
1−gp [
∏β+1
i=1 ǫh(vi)
∏K−1
α
∏β
j=1 ǫh(w
α
j ) ]
1−gd
×
∏K−1
α
∏β+1
i=1
∏β
j=1(vi − w
α
j )
2go
∏K−1
α<α′
∏β
i,j=1(w
α
i − w
α′
j )
2go∏m
i=1
∏β+1
j=1 (ui − vj)
2
. (55)
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Here C(m) is some constant. The important point to note is that (non-trivial part of) the
form factor can essentially be characterized by the statistical interactions.
Although we studied only the integer β case, it is straightforward to generalize the
rational β case, in the same way as the spinless case. [13,6] We speculate that our method
is applicable to the density-density correlation function and hole part of the Green function
of the CS model with arbitrary internal symmetry.
Finally, we discuss the applicability of our approach to the lattice versions of the CS
models: Haldane-Shastry (HS) model, [17,18] supersymmetric 1/r2 t-J model [19] and their
multicomponent models [14,30]. The HS model and 1/r2 t-J model are thermodynamically
equivalent to systems of free particles obeying fractional exclusion statistics. [34] Thus we
expect that our unified description of thermodynamics and dynamics is applicable to the
two models. Actually we note that the known results [5] on the dynamics of HS model can
be interpreted in the same way as §2-4.
The thermodynamics of SU(K) HS models (K > 2), [34] on the other hand, cannot be
described by the fractional exclusion statistics in the unpolarized case; SU(K) HS model
(K > 2) is thermodynamically equivalent to the system of free parafermion of order K −
1. Hence the dynamics of the SU(K) HS model (K > 2) is beyond the applicability of
our approach. The relation between dynamics and thermodynamics of free parafermion is
another interesting problem.
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TABLES
TABLE I. Physical properties of elementary excitations of the SU(2) CS model.
species charge spin energy momentum statistics
quasiparticle σ 1 σ v2/2− ζ − σh v gp
quasihole σ −1/(2β + 1) −σ
(
ζ − v2/2
)
/(2β + 1) + σh −v/(2β + 1) gh
TABLE II. Physical properties of elementary excitations of the SU(K) CS model.
species charge energy statistics
quasiparticle σ 1 v2/2− ζσ gp
quasihole σ −1/(Kβ + 1) −v2/(2(Kβ + 1))− ζhσ gh
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